We extend the analytical transfer matrix method to solve the energy splitting in an arbitrary symmetric double-well potential. Dispersion equations corresponding to the split energy levels are presented in a very explicit form. Numerical calculation shows that the proposed method can give extremely accurate results for symmetric double-well potentials.
I. INTRODUCTION
The quantum mechanical tunnelling in a smooth symmetric double-well potential is a long-standing and well-known problem. Three methods have been proposed to calculate the energy splitting: the instanton method ͓1,2͔, the WKB approximation ͓3,4͔ and numerical calculation ͓4 -6͔. The instanton method is helpful to understand the physical insight of quantum tunnelling, but the validity is restricted to the case of large separation between the two potential minima. The WKB approximation is widely used for its simple mathematical form, but the result is known to be inaccurate due to its inherent defect in connection formula. One had taken the quadratic connection formula instead of the Airy function to modify the WKB result at ground state ͓1,7͔. Recently, some refinements were developed to improve the accuracy of WKB by changing the phase loss at the classical turning points ͓8,9͔. The anharmonicity is also taken into consideration in the case of small separation distance ͓9͔. To the best of knowledge of the authors, no above approximations have provided the perfect results. Without doubt using numerical methods, one can get the solution up to the desired accuracy, but a considerable deal of physical insight is lost in these processes.
In this paper, the quantization conditions to onedimensional Schrödinger equation in symmetric double-well potential are presented by using analytical transfer matrix method ͑ATMM͒, which has been applied to arbitrary potential wells successfully ͓10͔. Taking into account the correct phase losses at the turning points and the phase contribution of the scattered subwaves, this analysis gives the explicit quantization conditions of the split energy levels. We also calculate the energy eigenvalues of the split energy levels and compare them with that of the exact numerical method ͓4͔.
II. THEORY
In the present calculation rather than dealing with continuous variation of potential energy, we first divide the double-well potential into segments symmetrically, in every segment the potential energy can be regarded as a constant V(x i ). In the limit, as the divisions become finer and finer, a continuous variation will be recovered. A symmetric doublewell potential is shown in Fig. 1 . If the potential at the transaction points is very much larger than energies of relevant levels, the effects of transaction could be negligible. Assuming that x t1 ,x t2 ,Ϫx t1 , and Ϫx t2 are classical turning points, we divide the regions (0,x t1 ), (x t1 ,x t2 ), and (x t2 ,x s ) into l, m, and n layers with the corresponding width d l , d m , and d n , respectively. The same treatment will be copied to the left part, i.e., (Ϫx s ,0) of the double-well potential, due to its geometrical symmetry.
In the classical allowed regions (Ϫx t2 ϽxϽϪx t1 ) and (x t1 ϽxϽx t2 ), the field has an oscillatory character, so the transfer matrix corresponding to the jth segment can be written as ͓10͔
where j ϭͱ2m*͑EϪV j ͒/ប, ͑2͒ j and V j represent the wave number and the potential energy at the jth segment, respectively, m* is the particle mass, and E is the energy eigenvalue.
FIG. 1. One-dimensional symmetric double-well potential. E is the ground-state energy, Ϯx s are the truncation points, Ϯx t1 and Ϯx t2 are the inner and outer classical turning points corresponding to E, respectively.
Because of the evanescent character in the classical forbidden regions (xϽϪx t2 ), (Ϫx t1 ϽxϽ0), (0ϽxϽx t1 ), and (xϾx t2 ), the transfer matrices corresponding to the ith and kth segments become
and
where
Applying the boundary conditions at xϭx s and xϭ Ϫx s , we can get the matrix equation according to the geometrical symmetry,
The prime of the wave function denotes differentiation with respect to x. Since we have regarded the potential energies as constants V s and V Ϫs , respectively, in the transaction regions (xϽϪx s ) and (xϾx s ), the wave functions decay exponentially with displacement along the x axis:
where P Ϫs ϭ P s ϭͱ2m*(V s ϪE)/ប according to the system symmetry. By using Eq. ͑7͒, Eq. ͑6͒ can be changed into
After direct algebraic manipulations, Eq. ͑8͒ can be written as
kϭlϩmϩ1,lϩmϩ2, . . . ,lϩmϩn, jϭlϩ1,lϩ2 , . . . ,lϩm.
͑11͒
We can obtain the equation from Eq. ͑11͒ by using the similar method developed in Ref.
͑12͒
is the phase contribution devoted by the scattered subwaves ͓10͔. P lϩmϩ1 is the equivalent exponentially decaying coefficient of the regions (xϽϪx t2 ) and (xϾx t2 ). The expression of P lϩ1 is also determined by the rest of the matrices corresponding to the region of the central barrier (Ϫx t1 ϽxϽx t1 ).
In order to obtain a clear equation for the split energy eigenvalues, by employing the same manipulations as previous process to the further investigation, Eq. ͑9͒ can be changed into
P 2 is defined by
͑15͒
then we have the following equation from Eq. ͑14͒:
which has two solutions
Combining Eqs. ͑17͒ and ͑15͒, finally we have the expression for P lϩ1
Thus, Eq. ͑12͒ can be changed into
According to the conclusion developed in Ref. ͓10͔, the second and the third terms on the right-hand side of Eq. ͑20͒ represent the half-phase losses at the outer turning points Ϯx t2 and inner turning points Ϯx t1 , respectively.
Likewise, by performing a similar deducting in the case of the second solution, it is obtained as
In order to simplify the above equations, letting l,m,n →ϱ and 
͑24͒
Thus we obtain the two quantization conditions for the split energy levels in a symmetric double-well potential. It is clear that for any certain quantum number N, there will be two different energy eigenvalues corresponding to Eqs. ͑23͒ and ͑24͒. The difference of the two energy eigenvalues is just the energy splitting. If the two potential wells are infinitely separated, which means that the quantum tunnelling is negligible, the quantization condition in either well can be writ-
In order for the tunnelling not to vanish, the half-phase losses at the inner turning points Ϯx t1 are substituted by tan Ϫ1 ͓(␣ l / lϩ1 )tanh ⌽ l ͔ and tan Ϫ1 ͓(␣ l / lϩ1 )coth ⌽ l ͔, which correspond to the symmetric and antisymmetric energy levels. So, these two split energy levels are derived from the corresponding level of the original single potential well.
We would like to point out that the above derivation is general, it does not involve any approximations such as the conventional short-wave limit or long-wave limit. It is exact.
III. NUMERICAL COMPARISON
In order to illustrate the accuracy of our method, we apply it to a typical example of a symmetric double-well potential, which has the potential form as
Here we set the particle mass mϭ 1 2 , បϭ1, and kϭ1. We calculate the energy eigenvalues via the quantization conditions for the case of ground state and compare them with the exact values obtained by the nonperturbative method ͓4͔. , our method not only presents the explicit split of energy levels but also achieves the better accuracy. Moreover, it is noticed during our calculation that, when the separation between the two potential minima is too small, for instance, in the case of ϭ0.2, the antisymmetric energy level will be higher than the height of the central barrier. Hereby we can only calculate the symmetric energy eigenvalue. However, if we utilize the quantization conditions for any arbitrary potential wells ͐ Ϫx t2 x t2 (x)dxϩ⌽(s) ϭ(Nϩ1) ͓10͔ to calculate the antisymmetric energy eigenvalue, energy splitting can still be obtained. Finally, we will discuss the half-phase losses at the turning points Ϯx t1 and Ϯx t2 . According to the analysis of Ref.
͓10͔, if the two potential minima are infinitely separated, the half-phase losses at both the inner and outer turning points will approach /2 with the increase of the layer number. When the two potential wells approach, the half-phase losses at the inner turning points Ϯx t1 strongly depend on the quantum tunnelling. With the increase of , which means the tunnelling is more and more appreciable, the deviation from /2 of the half-phase losses at Ϯx t1 also increases, while the half-phase losses at Ϯx t2 almost keep constant. This is illustrated in Fig. 2. 
IV. SUMMARY
We have derived the quantization conditions for energy splitting of symmetric double-well potentials by the analytic transfer matrix method. The half-phase losses at the outer turning points are /2, while those at the inner points are smaller than /2 and strongly depend on the quantum tunnelling, which is totally different from the WKB method and other modified WKB methods. With the aid of the correct phase losses and the phase contribution of subwaves, theoretically, as the number of segment layer approaches infinitely, the exact results can be obtained.
